LARGE TIME BEHAVIOR OF HEAT KERNELS ON FORMS 



THIERRY COULHON AND QI S. ZHANG 



Abstract. We derive large time upper bounds for heat kernels on vector bundles of dif- 
ferential forms on a class of non-compact Riemannian manifolds under certain curvature 
conditions. 
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1. Introduction 

The goal of the present paper is to establish large time, pointwise bounds for the heat 
kernel on the vector bundles of forms on some noncompact manifolds. 

Information on large time behavior of heat kernels on forms usually leads to interesting 
analytical and topological information on the manifolds. In fact heat kernel on forms contains 
much more information on the interplay between analysis, geometry and topology than that 
on functions. So far much effort has been spent on the study of short time and long time 
behavior of heat kernel on forms, in the case of closed manifolds, see for instance |25j . 
By contrast, the present paper is to our knowledge the first one to offer estimates for the 
heat kernel on one-forms on a class of non-compact Riemannian manifolds with a meaningful 
contents for large time, i.e. without an increasing exponential factor (see for instance |23j). 

Let M be a complete connected Riemannian manifold. Denote by d{x, y) the geodesic 
distance between two points x,y E M, and by B{x, r) the open ball of center x e M. Let /i 
be the Riemannian measure; denote also by the measure of a mesurable subset VL 
of M. Denote by A the (non-negative) Laplace-Beltrami operator on functions. The heat 
semigroup on functions e"*'^ will also be denoted by P^, and the corresponding heat kernel 
by pt{x,y), t > 0, x,y E M. We will use A to denote the Hodge Laplacian on forms. The 
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heat semigroup on forms e *^ will also be denoted by i^, and the corresponding heat kernel 
by ptix,y), t > 0, x,y e M. 

The main question we shall address below is the following: 

Given an upper estimate for the heat kernel on functions, under which additional assump- 
tions can one deduce an upper bound for the heat kernel on forms? 

We shall consider in particular the case where M has the so-called volume doubling prop- 
erty and the heat kernel on functions satisfies a Gaussian upper estimate, that is 

C 

Pt{x,y) < — ^exp{-cd'^{x,y)/t), Mx.y eM,t> 0, 

for some C, c > 0. 

For instance, when M has non-negative Ricci curvature, it was proved in that pt 
satisfies a Gaussian upper estimate, and in that case, the answer to the above question for 
1-forms is straightforward by the semigroup domination theory (see ()1.2|) below, and also e.g. 
[TU] . |2(Jj . [T^ . [21]): the heat kernel on 1-forms is also bounded from above by a Gaussian. 

The following simple example shows that this may be false in general. Let M be the 
connected sum of two copies of IR", n > 3. It is known that the heat kernel on functions 
has a Gaussian upper bound (see [2]). If the heat kernel on 1-forms pt also had a Gaussian 
upper bound, then by [TU], pp. 1740-1741, it would follow that 

\Vpt{x,y)\ < exp{-c'd\x,y)/t), Vx,i/ G M, t > 0. 

Vt\B{x, Vt)\ 

A classical argument shows that pt would then be bounded below by a Gaussian (see for 
instance 22 ). This is false as was noticed in [2]. See [HI for more on this example. 

Another case where the behaviour of the heat kernel on 1-forms is well understood is the 
case of the Heisenberg group and more generally stratified Lie groups, see j2E], |2I1- 

In the present paper, we are going to see that if the negative part of the Ricci curvature is 
small enough in some sense, then the upper bound on the heat kernel on 1-forms differs from 
that on the heat kernel on functions at most by a certain power of time t. One can state 
similar results for higher degree forms by replacing in the assumptions the Ricci curvature 
by a suitable curvature operator (see Jl]). For convenience, we shall however formulate our 
assumptions and results in the case of 1-forms. We leave the formulation of the general case 
to the reader. 

In this article, all Riemannian manifolds under consideration will be complete non-compact. 
Let us layout some basic assumptions to be used below. 

Assumption (A). M satisfies the volume doubling property. 

\B{x,2r)\ < C\B{x,r)\ 

for all X G M, r > and some C > 0. 

Assumption (B). The heat kernel pt{x,y) on functions satisfies a Gaussian upper bound: 

C 

Pt{x,y) < — ^exp{-cd^{x,y)/t), 

\B{x, Vt)\ 

for some C,c> 0, and all x,y E M and t > 0. 
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It was proved in [T3] that Assumptions (A) and (B) together are equivalent to the following 
relative Faber-Krahn inequality: 

For all X G M, r > 0, and every non-empty subset Q C B{x,r), 

Here Ai(f2) is the first Dirichlet eigenvalue of Q and c > 0. 
Note that (FK) implies 

(1.1) lIp^A^cC- 



\B{x,r)\ ~ Vr/ 

for all s > r > 0, X G M, and we shall use Assumption (A) in this form. 

Assumption (C). The Ricci curvature is hounded from below by a negative constant. 

It follows from Assumption (C) and Bishop's comparison theorem that there exists C > 
such that \B{x, 1)| < C for all x G M. We shall often also need the opposite inequality. 

Assumption (D). Non- collapsing of the volume of balls: there exists c > such that 
\B{x, 1)1 > c for allx G M. 

It is well-known that to estimate the heat kernel acting on one-forms, it is enough to 
estimate the kernel of a certain Schrodinger semigroup acting on functions, whose potential 
is the negative part of the Ricci curvature. 

Indeed, Bochner's formula states 

A = D*D - Ric. 

Here D is the covariant derivative on 1-forms and Ric is the Ricci curvature. 

Let A = A(a;) be the lowest eigenvalue of Ric{x), x G M. We will use the notation 

V{x) = X-{x) = (|A(x)| - A(x))/2. 

Let be the semigroup e Under Assumption (C), has a kernel which we 

shall denote by pY {x, y). 

Let us recall the semi-group domination property, which was proved in pUj : 

(1-2) \pt{x,y)\<pY{x,y) 

for all x,y E M and t > 0. Here Pt{x, y) is a linear operator from the tangent space TyM to 
TxM, and here \pt{x,y)\ denotes its operator norm with respect to the Riemannian metrics. 

We can now introduce one of our main curvature assumptions. An important property 
of the Hodge Laplacian A is that it is a nonnegative operator (as a consequence, Pt is 
contractive on L'^{M,T*M)). This means that, for every smooth compactly supported 1- 
form 6, 



(1.3) / -Ric{(j){x),(f){x))dfi{x) < / \D(f){x)\'dij{x). 

J M Jm 

Now, by the Kato inequality 

|V|0||<|/^0|, 

and the fact that by definition 

Ric{(f){x),(f){x)) > -1/(x)|0(x)p, 
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we see that condition ()1.3|) is implied by 



/ V{x)f\x)dfi{x)< [ \Vf{x)\'dfi{x),WfeC^{M) 



JM JM 



which means that A — is a positive operator on L^{M). 

We shall say that A — is strongly positive (strongly subcritical in the sense of ^3]) if it 
satisfies the following stronger condition: there exists A < 1 such that, for all / G C^{M), 



The above condition sometimes is referred to as the form boundedness condition, which 
has its origin in the Hardy type inequality, for / G C^(1R"), n > 3, 



For generalizations of the above inequality to the manifold case, see jl]. 

Example: If the manifold M satisfies the Euclidean Sobolev inequality of dimension n 



for all / G C^{M), for some n > 2, and if G L"^'^(M) with sufficiently small norm, then 
it is easy to see by using Holder's inequality that ()1.4|1 holds. 

Let us now summarize our results. Under Assumptions (A) to [D), the function V, the 
negative part of the lowest eigenvalue of the Ricci curvature largely determines the upper 
bound of heat hernel on 1-forms. If V is sufficiently small in certain integral sense, then pt 
has Gaussian upper bound, which has important consequences in terms of boundedness 
of the Riesz transform. This is explained in Section El Otherwise the upper bound for pi is 
a Gaussian times a suitable power of time t, provided that the operator A — \^ is strongly 
positive. The proof of this fact is contained in Sections 12.11 12.21 12.31 We also consider 
the case where the Ricci curvature is nonnegative outside of a compact set. Without any 
other assumptions on the Ricci curvature, there may be harmonic forms, therefore one 
cannot expect a decay with respect to time in general, but we show that pi is bounded by a 
Gaussian plus the product of the Green's function of the Laplacian in both variables. This 
is the subject of Section Finally, we treat in Section El the case where the heat kernel on 
functions has an arbitrary uniform decay. 

2. Bounds for the heat kernel on forms and strong positivity 

Our aim in this section is the following result. 

Theorem 2.1. Suppose M satisfies Assumptions (A), (B), (C), and (D), and that the 
operator A — V is strongly positive with constant A. Suppose in addition that V G LP{M,fi) 
for some p G [l,+oo). Then, if p = 1, for any < c < 1/4, and any e > 0, there exists 
C > such that 



(1.4) 





n-2 




\Pt{x,y)\ < Cmin 



1 Uxp(-cd^(x,?/)/t), yx,y E M, t> 1; 



Bix, Vt)\ 
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if p G (1,2), for any c < 1/4, there exists C,6 > such that 

\Pt{x,y)\ < Cmm.\ — — 1 ^ exp(-C(i^(x, ?/)/t), M x,y G M, t > 1; 



v^)| 

If P > 2, for any c < 1/4 anc? any e > 0, i/iere exists C such that 

< Cmin <^ — — 1 \ exp{-c(f{x,y)/t), ^x,y e M, t>l. 



\Bix, Vi)i 

Remark: Using Assumption (C) and the Gaussian bound on pt, one easily obtains the 
following small time estimate 

(2.1) pr{x,y) < J^'\ eM-cd\x,y)/t), 

for all x,y & M and < t < to- 

Thanks to the domination property ()1.2p , Theorem 12.11 is a consequence of the following 
statement, which is of independent interest. 

Theorem 2.2. Suppose M satisfies Assumption (C), and that the operator A — V is strongly 
positive with constant A. Suppose in addition that V G L'^{M,fi) for some p G [l,+oo). 
Then, if p = 1, for any < c < 1/4 and any e > 0, there exists C > such that 

(x, y) <C min < 1 > exp(— C(i^(a;, y)/t), Vx, y G M, t > 1; 



\B{x, Vi)\ 

if p G (1,2), for any c < 1/4, there exists C,e > such that 

Pt {^i y) ^ C min < 1 > exp(— C(i^(x, y)/t), \f x, y E M, t > 1; 



\B{x, Vi)\ 

If P ^ 2, for any c < 1/4 and any e > 0, there exists C such that 

( l{.p-l+e)A ^ 

pYix,y) < Cminl —, 1 } exp{-cd'^{x,y) /t), \/x,y E M, t> 1. 



\Bix, Vi)i 

We would like to mention a number of previous papers that deal with Schrodinger heat 
kernels on manifolds. In the paper [22!, a fundamental gradient estimate was derived for the 
heat kernel. As far as long time behavior is concerned, the emphasis is on the case without 
potential and nonnegative Ricci curvature. The paper studied Schrodinger heat kernels 
with singular oscillating potentials. The papers IHH IHZ| established long time behavior 
for Schrodinger heat kernels on manifolds with nonnegative Ricci curvature for potentials 
essentially behaving as negative powers of the distance function. The case of potentials with 
polynomial growth and magnetic field is considered in [2H1- 

Here is the plan of the proof of Theorem 12.21 

In section 12.11 we show that, given the upper bound on pt and the strong positivity of 
A — l^, a pointwise upper bound on pj follows from an adaptation of the Nash method due 
to Grigor'yan, provided some to estimates for are available. In section 12.21 we 
prove such estimates under the other assumptions of Theorem 12. 2[ and we finish the proof. 
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2.1. Pointwise estimates. Let us first prove the following preliminary estimate. 

Proposition 2.1. Suppose M satisfies Assumption {C), and that the operator /S. — V is 
strongly positive. Then there exist C, c > such that 

(2.2) p'iix^y) < Cexp {-cd\x,y)/t) , Vx,y G M, t > 1. 

Proof. This can be proven by a standard method of using exponential weights as in |12|. An 
alternative way is to use wave equation method as in jS] or pH] . 
Fix y and write 

u{x,t) =pf{x,y), 

I{t) = / u^{x,t)w{x,t)dn{x) 
Jm 

cP (x.y) 

where w{x,t) = e ot for some D > to be chosen later. 
One has 

Jt'^'^ = Jtl ^'^^^ 



= 2 / uw{-/\u + Vu) ,d^- 
Jm Jh 

This implies, after integration by parts, 



M 

u^wd^{x,y) 
1^2 ^/^(^)- 

M 



^I{t) = -2 [ \Vu\'^w dfi - 2 [ uS/w-S/udu 
dt Jm Jm 

+2 / V{uVw)^dfi- 

Jm J A: 



u^wd'^{x,y) 

-dfi[x) 



>m Dt^ 



= -2 /" \Vu\^wd^i-2 I Mw ^^|^'^ )V(i(x,y) ■ Vudn{x) 
Jm Jm Dt 

Jm Jm 

< -2 /" |Vupwrf/i + 4 ! uw ^^^J^^\ vu\dn{x) 

Jm Jm Dt 

+2 / V{uV^fdii- [ ^^-^^^^^d^^{x) 
Jm Jm 

< -2 [ \Vu\^wd^i + cJ "^-^^^fS^d^xix) 



M JM ^ ^ 



f f f zi^wd'^ix 
+e / |VMpwc//i + 2 / V{u^/wYd^x- / \ '^^ c?/i(x) 

Jm Jm Jm 

< -{2-e) [ \Vu\^wdfi + 2 [ V{uV^fdfi- [ ^^-^^^^j^^dfi{x) 
Jm Jm Jm 2iJt 

for arbitrarily small e > 0, provided D is chosen large enough. Finally, using the strong 
positivity of V, we obtain 

U{t)<-{2-e)f \Vu\'wdf^ + 2A [ | V(^v^)p rf/. - / ^'^^'(^' ^) rf^(^). 
at Jm Jm Jm ^-^^^ 
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Observe that 

li^ I 1 ^ 

\V(uy/w)\'^ = \Vu\^w + uVu ■ Vw ^ 

< \\/u\ W + 2U\\/U\ 7Z—W^ — r-r 

Ut UH^ 



We find, since A < 1, that 



d d f r, (fl(x.y) 

—I{t) = -r M (x,t)e^5^c?/i(x) < 
dt dt J 



when D is sufficiently large. 
In particular, 



[p({x,y)) e Di"" dfi{x) < / {pi{x,y)) e dn{x) 

M Jm 

when t > 1. By ()2.1|) and the small time Gaussian estimate for pt under Assumption (C) 



see 



Using the well-known fact that a manifold satisfying (C) has at most exponential volume 
growth around any point, we have, for D > large enough, 

' {Pi{x,y)Y e^^^dfi{x) < C, 

M 

hence 

{pY{x, y)f e^^dii{x) < C, t > 1. 



' M 

Next, using the semigroup property 

,i(.,y) ^ f pr(...)pr(v.)*(.) 

J M 

e 2Dt p^'' (^x, zje i^z, y)e ^ot 2Dt dfi[z) 

M 

< e-^^[/ {pY{x,z)Y dzf^^l e^^^ {pf {y, z)^ dfi{z)Y^\ 

Jm Jm 

Hence 

pY{x,y) <Ce-'"^''^^'y^^\ t>2. 
This proves the claim. □ 

We can now state our main technical result, which is an adaptation of the Nash method to 
the case where the semigroup under consideration is not necessarily contractive on L^. The 
argument is based on the one in the proof of |^, Theorem 1.1 (see also llj. Proposition 
8.1), with certain modification and localization. If T is a operator from L^^ to L^^, then 

ll^llpi,P2 'will denote the operator norm supjg2,pi\{o} \\f\\ ■ 
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Proposition 2.2. Let M satisfy Assumptions (A), (B), (C), and (D). Suppose that A — V 
is strongly positive and that there exists an non- decreasing function F such that 

(2.3) \\P^\\i,i<F{t),t>l. 
Then there exists C > such that 

V. . < F\t)[He + tFit)r' 

for all X & M and t > 1. where u > is the constant from . // in addition F satisfies 

F{2t) < CF{t),\ft > 0, 
for some C > 0, then for any c G (0, 1/4), there exists C > such that 

(OA^ y( ^^r. F\t)Me + tF{t))r" , ,2, w,, 

(2.4) Pt (x, y) < C — exp(-crf [x, y)/t), 

\B{x, Vt)\ 

for all x,y & M and t > 1. 

Remark. If there exists such that F{t) < Ct'^ , the above estimate takes the following 
simpler form: 

X ^F\t)[\n(e + t)Y/^ , ,2. N/N 
pXix^y) < C ^ l ^ J eM~cd\x,y)/t). 

Proof. Fix Xq G M, write u{x, t) = pY{x, Xq), t > 0, x E M, and set 



lit) = I u^{x,t)d^i{x) = pXt{xo,Xo). 

' M 



Then 



/'(t) = -2 / u{x,t){Au-Vu){x,t)dfi{x) = -2 \Vu\^dfi + 2 Vu^ dfi. 
Jm Jm Jm 

Using assumption ()1.4|) . we have 

(2.5) I\t) <-2{l- A) f \Vu{x,t)\^d^i{x). 

Since, for any s > 0, 



< {u — s)^ + 2su, 



we can write 

I{t) < / {u{x,t) ~ d^{x) + 2s / u{x,t) dfi{x). 

J {x\u{x,t)>s} Jm 

By assumption ()2.Hj) and the definition of Ai, this yields 

[fit 1 I V(M(a;, t) — s)P (i/i(x) 
Xi[{x\u[x, t) > s\) 

hence 

The bound (Q yields 

u{x,t) < Cie-"^'^'("'"»)/*, 
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thus 

{x I uix,t) >s}c{x\ > s/Ci} = {x I d^ix,xo) < c^^t ln(Ci/s)}. 

Thus 

{x I u{x,t) > s} C B{xo,r), 

where 



r=^c^H{\\n{C^/s)\ + l) 
(we choose to take r > c^/i for later convenience). According to (FK), we have 

c / \B{xo,r)\ ^^'^ 



\ii\x I u(x,t) > s}) > ^ . , , , , . , , 

On the other hand, 

\{x I ^(x, t) > s}| < s'^ I u{x,t) dfi{x) < s~^F(t). 



M 



Therefore 



(2.7) Ai({x I uix,t) >s})>^ (^^^^y^' := m(s,t,xo). 
Plugging this into ()2.6|) . we obtain 

J(t) < ^^"1"^"'*^^^^ ^ /' ^ + 2sF{t). 

m{s,t,xo) 

Hence 

(2.8) / I Vu(x, t) p d/i(x) > (/(t) - 2sF(t)) m(s, t, Xq). 

J {x\u(x,t)>s} 

The combination of (j2.8p and (j2.5|) yields 

I\t) < -2(1 - A) {I{t) - 2sF{t)) m{s, t, xq). 
Choosing s so that sF{t) = I{t)/A yields 

(2.9) /'(t) < -(l-A)/(t)m(s,t,xo), 

for alH > and the corresponding s. 
We have that 

I{t)=pl{x^,XQ)>c/t'''\ 

for t>l. Indeed, since ^ > 0, by the maximum principle p^{x,xo) > pt{x,xo)- Now it is 
well known (see j2]) that Assumptions (A) and (B) imply 

One concludes by using Assumptions (A) and (D). 
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Let US now estimate m{s,t,X()). First, for t > 1, 



cVt<r = yJc^H{\\n{Ci/s)\ + l) 

= ^Jc^h{\ln{AC,F{t)/im + l] 



< ^c^H{\\n{CF{t)t^/^)\ + l) 

< CVi^\n{e + tF{t)). 



I{t)\Bixo,Vi)\ 



Finally, 

(2.10) m(s,t,xo) > , , 1 X 

By (El) and (jTTIUl . it follows that 

^ _ /(t)^+(^/-)|i?(xo,v/t)p/- 

^ ^ - tF(t)4/-ln(e + tF(t)) ^ 

that is 

/^(t) ^ c|i?(xo,v^)p/^ 



/(t)i+(2M - tF(t)4/'^ln(e + tF(t))' 

Integrating ()2.11|) from t/2 to t and using the monotonicity of F{t) and |i?(xo,v^)|, one 
easily obtains 

(2.12, ,SK..o)^/w<c^!WMi±|Mi:^. 

From this on-diagonal bound, we can derive the full bound ()2.4|) by either the method in 
[TH] or the wave equation method in j^ . 

□ 

2.2. The to estimates. 

Proposition 2.3. Suppose that M satisfies Assumptions (A), (B), (C), (D), and that the 
operator A — V is strongly positive. IfV& L^{M, fi) for some p G [1, +C)o), then there exists 
C = C{p) such that 

\P^hi<Ct'/\ Vt>l, ^fp = l, 

iP^'hi < Ct^'"^^^ Vt > 1, ifl<p<2, for some 9 = d{p) > 0, 
\P^\\i,i<Ct^^^^^/\ Vt>l, ifp>2. 

Remark We shall see in Sectional below that, if one weakens (A), and (B) as suggested in 
the remark after Proposition 12.11 one can still prove 

< CptP/\ Vt > 1, l<p< +00. 

If now one only assumes that A — is positive instead of being strongly positive, then one 
can still prove, for V G L^^M, fi) and t > 1, 



\prh,i < 



Ct, if 1 < p < 2; 
ifp > 2; 
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Note that, according to Theorem 3.1, the above estimate is sharp in the range 1 < p < 2, 
which shows the role of strong positivity in the better estimate of Proposition l2.3l For p > 2, 
similar estimates were proved in ^21,, Theorem 8.1, by extending the method of ^H!, Theorem 
3, to the manifold case. This is also what we shall do to prove the more precise Proposition 
12.31 taking advantage in addition of the strong positivity of V. 

Proof. Let us first prove that there exists 6 > such that 

(2.13) sup|b^(.,y)||2 = ||Pi^ll2,oo<ct-^ t>i. 

y 

The proof goes as follows. 

Given / G C^{M) and q > 1, by an easy consequence of the Feynman-Kac formula (see 
for instance |35j, p. 712), one may write 

(2.14) \PYf{x)\ < [e-*(^-'^^)|/|(x)]i/ne*^|/|(x)](''-i)/^. 

Since A — V is strongly positive, when q is sufficiently close to 1, the operator A — qV is 
also strongly positive, thus P/^ is contractive on L'^{M,fi). Hence 

(2.15) e-*(^-«^)|/|(x) < llP^lb.oo Wfh < ||Pfll|2,2||Pf ||2,oo||/||2 < ||Pf ||2,oo||/||2, 

for t > 1. Using the assumption that pt is bounded from above by a Gaussian (Assumption 
(P)), we have 

e-*^|/|(a;)<sup|b,(y,.)|h II/II2 < ^ 



^|P(x,v^)| 
By Assumptions (A) and (P), 

|P(x, Vi)\ > cit^/^\B{x, 1)1 > 02^/'. 



Therefore 



Substituting this and ()2.15j) into ()2.14j) . we have, for some 5 > 0, 

|P,^/(x)|<^||/||2, t>i,xeM. 

This proves ()2.13|) . 

Now we are ready to prove the decay estimates in — norm. 

Case 1. Assume V G L^{M,^i). 

Fix y G M, and let u{x,t) = pY{x,y). Since u satisfies 

Au-Vu + Ut = 0, 

integrating on [l,t] x M yields 

u{x,t) dfi{x) = / u{x,l)dfx{x) + / / V{x)u{x, s) d^{x)ds. 
'M Jm J I Jm 

By (12. 1|) and doubling (again, subexponential growth is enough, see the remark after 
Proposition 12.11) . it follows that 

(2.16) [ u{x,t)di2{x) < C + [ [ V{x)u{x,s)di^{x)ds. 

Jm J I Jm 
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From ()2.16|) and the strong positivity of V, 

u{x,t)dfi{x) < C + / / V{x)u{x, s)dfi{x)ds 

M Jl Jm 

<C+i / V{x)dfi{x)ds j I / / V{x)u^{x, s)d^{x)ds 

<C + VAVi\\V\\l^^ ( [ [ \VuWx,s)dfi{x)ds' 

\Ji Jm 

Multiplying by u the equation 

Au-Vu + Ut = 
and integrating on x M, we obtain 

\'Vu\'^{x, s)dfi{x)ds — I I Vu^dfi{x)ds + - / u'^{x,t)d^{x) = - I u'^{x,l)dfi{x). 
'I Jm Jl Jm 2 Jjyj 2 Jj^ 

Since A — V is strongly positive, we obtain 

"t r 1 /• (J 




(2.17) [ [ \Vu\^{x,s)d^{x)ds <—^-— I u^{x,l)dfi{x) < 

J I Jm 2(1 — A) Jj^^- 

wprwi^i = J^^u{x,t)df,{x) < c^^^\\v\\y'v~t, 



2(1 -A) 



Finally 



which is the claim. 

Case 2. Now we assume that V G U'{M, fi), p e (1, 2). 

The decay estimate in this range of p seems to be new even in the Euclidean case. 
Using Holder's inequality repeatedly, one has 

u{x,t)d^{x) < C + / / V{x)u{x, s)d^{x)ds 
'M Jl Jm 

= C + [ [ V{xy/^V{xY~^P/^\{x,s)dfi{x)ds 
Jl Jm 

/ ft r \ / /"* /" ^ ^^"^ 

- ^+ / / V{xydfi{x)ds) / / V{x)^-Pu\x,s)dfi{x)ds 
\Ji Jm J \Ji Jm 

1/2 

C + t'/^\\V\\Pj^ i I I Vixf-Pu{x,sf^^-P^uix,sfP-^dfxix)ds 

/ rt j- \ (2-p)/2 

< C + ei''\\VYj''[ [Vixf-''u{x,sf^^-P^Y/^^-P^dfi{y)ds 
\Ji Jm 

.t r \ (P-l)/2 




X / I U[X,S 



,(2p-2)/(p- 



^^dfi{x)dt 



1 JM 

/ ft r \ (2-p)/2 / ft f \ (p-l)/2 

C + t^'^\\V\\l'^ { V{x)u^{x,s)dfx{y)ds\ i u\x, s)dfi{x)ds 

(2-p)/2 / . X (p-l)/2 

2j,./„.\ J„ \ / / / „,2/ 



< C + v4(2-p)/2tV2||^||p/2 /■* /" \^u{x,s)\''dfi{y)ds] [I I u'{x,s)dfi{x)ds 

\Ji Jm ) \Ji Jm 
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Using ()2.17|) . we obtain 

u{x,t)d^{x) < C + C't^^"^ { I I u'^{x, s)djj{x)ds 

'M \Jl JaI 

From ()2.13|) . we know that 



u'^{x, s)djj,{x)ds < Ct^ ^ 

1 JAI 



and using ()2.17|) . we deduce 

U{x,t)dfi{x) <C + C"tV2+(l-25)(p-l)/2 ^ Ct^P-0)/2^ 



with 9 = 2S{p-r 



M 



Case 3. The only remaining case is when V G LP{M,fL), p>2. 

This case may be skipped in a first reading; indeed, if one is prepared to replace (p — l)/2 
by p/2 in the estimate, the simpler proof in Section El will do. 

The reader may guess that the claimed estimate follows from the idea in p. 99, where 
a similar bound for the Schrodinger heat kernel was proven in the Euclidean case. However 
in ^ni) the authors use the boundedness of A~^/^ from some space to another. But it 
is known that this property is false for most open manifolds. Therefore, we have to work 
considerably harder. We will show that the inverse square root of the Laplacian on M x H'^ 
is bounded from the space L^^ fl L^^ to for some Pi,P2- Then we will use the idea in ^2] 
to get an to bound for a version of our Schrodinger semigroup acting on = M x IR^. 
After integrating over H^, we will reach the desired to bound for the Schrodinger 
semigroup acting on M. 

Points in N will be denoted by x = {x,x') and y = {y,y'), where x,y & M and 
x',y' G IR^. The distance function on is denoted by d{x,y) = d{x,y) + \x' — y'\, and the 
Riemannian measure on by dp,. The Laplace-Beltrami operator on N will be denoted by 
A. Denote by Pt the heat semigroup on N and let = e~*^^~^\ where V is the function 
on M defined in (1.1). The kernel for A~^/^ is 

POO 

(2.18) A-'/'ix,y)= / r'/%ix,y)dt 

Jo 

It is clear that satisfies Assumptions (A), (B), (C) and (D) just like M does. Moreover, 
if A — y is strongly positive on M, then A — \^ is strongly positive on A^. Now suppose we 
can prove that 

(2.19) \\P^\\i,i<C&-'^/^. 
Then, since 

(2.20) pY^S:,y)=pr{x,y):^e-\^'-y'\'/''\ 
we will deduce that 

||pV|| _\\pVu _||pVi|| _||pV'i|| _||pV|| _\\pV\\ ^ f^Jp-l)/2 

ll-* t lUil II t l|oo,oo 11-* t Woo 11-* t Woo W t l|oo,oo W t lll,l — ' 

thus finishing case 3. The rest of the section is devoted to proving ()2.19j) . It will be divided 
into several steps. 
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Step 1. We show that there exists C > such that 



(2.21) 



A-i/2(x,y)<C- 



B{x,d{x, y))\ 



From the upper bound for Pj, which is a consequence of the Gaussian upper bound for Pt, 
we have 



< C 



c 



r- r- -dt 

Vi\B{S:,Vi)\ 



lo Vi\B{x,Vi)\ 
= Ch + Ch. 
By the doubhng condition, for t < d^{x, y), 



dt + C 



1 e 



-cd?(x,y)/t 



,y) Vi\B{S:, Vt)\ 



dt 



Hence 
(2.22) 



\B{x, Vi)\ > c\B{x,d{x,y))\ 
d{x, y) 



d{x,y) 



h < C- 



Next we estimate J2. 
By (jT^ . we have 

1 1 



l2<C 

Note that 



-dt < 



B{x,d{x,y))\ 



C 



dt 



C 



S(x,y) \/t \B{x, Vt) I t^/^ \B{x, d{x, y))\ Jd^x,y) \Bix, d{x, y))\ d'^{x, y) ' 
B{x,d{x,y))\ = \B{x,d{x,y))\ d^{x,y). 
Cd{x, y) 



The above imphes 

^^■^^^ \B{x,d{xm' 
The combination of ^HTI^ and imphes (IT^ . 

Step 2. We prove that there exist pi,P2 > 1 and C > such that 

(2.24) ||A"VV||2 < 

for all / e nLP2. 
From dOD), 

d{x, y) 



P2/5 



|A-^/V(5)l <C 
< C 

By Young's inequality 

||Jl||2<C||/||p, sup 



M \B{x,d{x,y))\ 
... + C 



d{x,y)<l 



\fmdm) 

= CMx) + CJ2(x) 



d{x,y)>l 



d(x,y)<l 



d{x,y) 
\B{x,d{x,y))\ 



1 ^1 



i/n 
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< 



oo 

PI sup V 

* fc=0 V J2-(fe+i)<d(£,y)<2- 



d{x, y) 



-1 ri 



1/ri 



oo 



ClI/IUsup 5^ 



fc=0 



5(5,2-('=+i))|^'i-i' 



Using the doubhng property and the fact that, thanks to Assumption (D), \B{x, 1)| > c > 0, 
we have 



Hence 



ri-l) 



fc=0 

Choosing ri sufficiently close to 1, the above series is convergent. Therefore 
(2.25) ||Ji||2<C||/||,,. 
Similarly, by Young's inequality again, 



where (I/P2) + (1/^2) = 1 + (1/2). Hence 



|J2||2<C||/||,,sup 



fc=0 V-'2'=<a!(i,y)<2'=+i 

1 



d{x,y) 



_\B{x,d{x,y))\_ 



dKy) 



l/r-2 



A:=0 



Using the fact that \B{x, 2 )| > c2 which follows from the definition of and Assumption 
(D), we have 



<^2||2 < 



P2 



fc=0 



fcr2— 3fc(r2-l) 



Choosing r2 sufficiently large, the above series is convergent. Therefore 
(2.26) ||J2||2<C||/||,,. 
Inequahty ^TJ^i immediately follows from and 
Step 3. As in by Duhamel's formula, one has 



IP. 



V II 

t+l l|oo,oo 



II 



< ||Pi"l||oo+ / \\P^.,V\\^ds 



< C+ \\P^^,V\\^ds, 
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hence by interpolation, 

(2.27) \\PUU,oo<C + J\\PUZ\^^^^^^^^ 

Let us now estimate ||-Ps+i||2{^- Using the strong positivity of A — V on N, one has 

{A-V)> a^A 
for some a > 0. Therefore, for all / G C^{N), 

\\{A-V)-'/'fh<a-'\\A-'/'fh<C\\f\\x. 
Here X = L^^ fl L^'^ where pi , p2 are given in ()2.24j) and 



(2.28) l|/IU = ||/IU + „.np.. 
Hence 

||e-*(^-^)/||2 = rV2||e-(^"V')t((^ _ v)ty/\A - V)-'/^fh 
<Ct-'/'\\{A-V)-'/'fh<\\A-'/'f\\2 
<Ct-'/'\\f\\x. 

This shows 

\\Pth,X* = \\Pt\\x,2<Ct-'/\ 

where X* is the dual of X. Then write 

(2.29) ||P;+il|2,oo<|| Pg l|2,X*||-Pl IU*,oo. 
It follows easily from the bound 

and Assumptions {A) and [D) that is bounded from to any L^, 1 < p < +oo. 
Therefore 

(2.30) \\Pi\\x',oo = \\Pi\\i,x = \\Pi\\i,p, + \\Pi\kp, < +00. 
This together with (j2.29p implies 

II iio < 

ll-T 5+l||2,oo ^ '-'6 

Using this and (j2.27p . we obtain 
By Gronwall's lemma, 

II pV II < n.p/2-1/2 

II-' (-|-ll|oo,oo _ ^ 1^ 

Since 

II pV II _ II pV II 

Ir i+ll|l,l ~ ||-r(_|_i||oo,oo, 

the proof of Proposition 12.31 is complete. □ 
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2.3. Proof of Theorem 12.21 Under the assumptions of Theorem 12.21 the combination of 
Propositions 12.21 and 12.31 yields 

(2.31) pr{x,y) < ^ > exp{-cd'{x,y)/t), Vx,y G M, t > 1 
if p = 1, 

(2.32) p'^{x,y) < — j^eM-cd\x,y)/t), \fx,yeM,t>l 

\B{x, Vt)\ 

for some 9 = 6{p) > 0, if 1 < p < 2, and 

(2.33) pr(x,y) < — 1— ^exp(-crf2(a;,t/)/t), Vx,i/ G M, t > 1 

\B{x, y/t)\ 

if p > 2. 

The above bound does not exphcitely reflect the contribution of the constant A (which 
measures the size of V). To remedy this, we use again ()2.14|) . which yields 

(2.34) p({x,y) < (pX{x,y)y\pt{x,y)t-'^'\\Jx,ye M, t > 0, 

where V = qV and g > 1. 

Assume A > 0, otherwise there is nothing to prove. If g < 1/A, then V is obviously 
strongly positive with constant qA < 1. 

If 1 < p < 2, (jT^ yields 

(2.35) pTi^^y) < TTT, 7=^exp(-crf2(x,y)/t). 

Applying (j2.35j) and using the Gaussian upper bound on p^, we obtain 

Pt - T77r ^exp(-cd2(x,i/)/t). 

Taking q sufficiently close to 1/A, one can make {p — 6)/q < pA, which finishes the proof of 
Theorem 12.21 in the case 1 < p < 2. The proofs when p = 1 and p > 2 are identical using 
fITTm and ^TT^ instead of □ 



3. Gaussian bound on the heat kernel on forms and the Riesz transform 

Our next theorem provides an all time Gaussian upper bound for the heat kernel on 
1-forms on complete non-compact Riemannian manifolds satisfying Assumptions (A), {B), 
(C), together with a certain condition of smallness of the Ricci curvature. Using this theorem 
and an argument in |10j , one deduces a proper bound for the gradient of the heat kernel on 
functions. By the main result in one obtains the boundedness of the Riesz transform 
on these manifolds for all 1 < p < +oo. Let us point out that in [21], Theorem 9.1, another 
sufficient condition in terms of Ricci curvature is given for boundedness of the Riesz 
transform. However this condition seems to exclude Ricci curvature bounded from below 
together with non-compactness. 
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Theorem 3.1. Let M be a complete non-compact Riemannian manifold satisfying Assump- 
tions (A), (B) and (C). Then there exists 6 > depending only on the constants in (A) and 
(B) such that for any c > 1/4, there exists C > such that 

C 

\Pt{x,y)\ < — i=-exp {-cd{x,yf/t) , 

\B[x, y/t)\ 

for all x,y & M and t > 0, provided that 

(3.1) K{V) ^ sup r [ ^^e-''(^'yy^V{y)dMds < 6. 

As we already said, the following statement is a consequence from Theorem 13 . 1 1 and either 
Theorem 5.5 in |10 , or Theorem 1.4 in pP together with pp. 1740-1741. This extends 
the class of manifolds for which one can answer a question asked by Strichartz in 



Corollary 1. Let M be a complete non-compact Riemannian manifold satisfying Assump- 
tions (A), (B), (C), and condition 1)3.11) for 5 > small enough. Then, for all p G (0, +oo), 
there exist Cp, Cp > such that 

cA\Vf\\\p < \\A'/'f\\p < C,|||V/||U V/ G C^iM). 

Proof of Theorem \'J.ll As we have seen in the introduction, 

\pt{x,y)\ <Pt{x,y) 

under Assumptions {A) to (C). Now let us recall Theorem A, part (b) in [HI]. It implies 
that 

^* ^ '^^ - \Bix,Vt)\ 
for all x,y & M and t > 0, provided that, for certain cq, £o > 0, there holds 

N{V) < Bo. 

Here 

"* r Q-'^od^ix,y)/{t-s) 



NiV) ^ sup / / Y iy)df^iy)ds 

xeM,t>oJo Jm \B{x,y/t - s)\ 

cod?(x,y)/(t-s) 



r<^ r Q-cod^(x,y)/(t-s) 
+ sup / / - — V{x)dfi{x)dt 

yeM,s>oJs Jm \B{x, ^/t - Sj\ 



We should mention that this theorem was stated for a doubling metric in the Euclidean 
space and for time dependent functions V, under the extra assumption (D). However the 
proof was a general one applicable verbatim to any manifold under Assumptions [A) and 
(B) only. 

Changing variables and using doubling, one sees that 

N{V) < CoK{V), 

where Cq only depends on the doubling constants. The conclusion follows. □ 
Remarks: 

- Suppose in addition that \B{x,r)\ ~ r" with n > 2, uniformly in x G M, for large r, 
then it is any easy exercise to check that the theorem holds if 

a 



V{x) < 



d{x, xq) 



2+6 
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with any b > and a sufficiently small, for some fixed Xq € M. 

- Let (M, qq) be a nonparabolic manifold with nonnegative Ricci curvature and volume 
growth property as in the last remark. Let h be another metric and f] he a smooth cut-off 
function on M. Then the manifold (M, g) with g = go + Xrjh is covered by the theorem when 
A > is sufficiently small. This is so because the constants in {A) and {B) are uniformly 
bounded when < A < 1 while V = V{x) (for the metric g), being a compactly supported 
function is arbitrarily small when A — 0. 



4. The case of non-negative Ricci curvature outside a compact set 

In the next theorem, we establish an upper bound for the heat kernel on 1-forms assuming 
Ricci curvature is nonnegative outside a compact set. The upshot of the theorem is that no 
other restriction on the Ricci curvature is needed. This upper bound gives a good control of 
the heat kernel even in the presence of harmonic forms. In general one can not expect the 
heat kernel on forms to decay to zero, due to the possible presence of harmonic forms. 
Here we are able to show that the heat kernel has certain spatial decay anyway. Using the 
spectral decomposition of heat kernels, one can see that the upper bound in the theorem 
below is quite sharp near the diagonal at least. As far as we know, this bound is new even 
for Schrodinger heat kernels in the Euclidean case. 

Moreover the assumption that the Ricci curvature is outside of a compact set can be 
improved to assuming that the negative part of the Ricci curvature decays sufficiently fast 
near infinity. But we will not seek the full generality this time. 

Theorem 4.1. Let M be a manifold satisfying Assumptions (A), (B), (C) and (D). In 
addition, we assume that the Ricci curvature of M is nonnegative outside a compact set and 
the manifold is nonparabolic. Then, for a fixed G M , there exist C, c > such that 



for some C, c > 0. Note that this estimate does not follow from Proposition 12. II and ()1.2|) . 
since we do not assume strong positivity of A — ^ any more. 

However, the method is very similar to the one in Proposition 12.11 Let Uq be a smooth 
compactly supported 1-form. Write 




Proof. 



(4.1) 




u{x,t) = PtUo{x). 
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Direct computations show, for any fixed y & M and D > 0, 
d 
di 



' \u\ e Dt dfi{x) 



M 



-2 1 e Dt u-Audfj.[x)— / \u\ e ot — _ — dfi{x). 
J M Jm Dt 



Noticing that A = d*d + dd* , the above imphes, after integration by parts 



dt 



M 

/ d?{x.y) ( ( d'^(x, y)\ \ f (P{x,y) 

e Dt \d\ — j Auj ■ du dfi{x) - 2 J <^ °* du-dudfi{x) 



d'^i^.y) d {x, y) 



2 e oi \d*u\ djj,{x) - / \u\ e ol — \^ dii{x) 
Jm Jm Dt 

<C e^^^\u\\du\dfi{x)~2 e^\du\Ufi{x) 



M Dt 

2 d'^(x,y) y) 



M 



\u\ e -—l—dfi{x). 
<^i^'y) L.I i^o.i ^ 1 d?{x,y) u.i2 



' \u\ e Dt dfi{xj < 



Using the inequahty ^^f' \u\\du\ < l-j^^\u\'^ + e\du\'^, we find that 

d 

dt Jm 

when D is sufficiently large. 

Letting uq converge to the Dirac delta function centered at y, we obtain 

/ |Pt(a;,2/)pe~5^ < / \pi{x,y)\'^e^i^ dfi{x) 

Jm Jm 

when t > 1. By the semigroup domination property ()1.2|1 . Assumptions (C) and (B), 

\pi{^,y)\ < pr{x,y) < Cpr{x,y) < —^e-^'^'(^'y\ 

\B{x,l)\ 

Integrating and using Assumptions (D) and (A), we have, for a suitable D > 0, 

(4.2) / \pt{x,y)\'e'^dfi{x)<C, t > 1. 

Jm 

Next, using the semigroup property 

\P2tix,y)\ = \ / pt{x,z)pt{z,y)dfx{z)\ 
Jm 

= I / e 2ct p^[x,z)e 2Dt pf[z,y)e 20* 2ot 

[x y) I d'^ [x z) 1 /2 / dp' {y ^) 1 /2 

<e-Ti5^[ / e^5^|p;(a;,2;)|2rf/i(2;)] [ / e^^\pt{y, z)\^dn{z)] . 
Jm Jm 

Together with (lOl . this implies 
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We assume that the Ricci curvature is nonnegative outside of a ball -8(0, A) for a fixed 
A > 0. Write, for any given xq G dB{0, A), 

u{y,t) = \pt{xo,y)\. 

Then it is an immediate consequence of Bochner's formula (see for instance Lemma 4.1) 
that M is a subsolution of the scalar heat equation in B'^{0, A) x (0, oo). i.e. 

Au{y,t) + utiy,t) <0. 

Since, according to (|4.ip . u is bounded from above by a constant for t > 1, and T{y,0) is 
bounded from below by a positive constant on any compact set, there exists C > such that 

u{y,t) < CT(|/,0), Vy e dB{0,A), t > 1. 

Moreover, using again ()4.1|) . 

u{y,l) < Ce^-'^'(2^.-o) < C'T{y,0) 

for y G B'^{0,A). The last inequality is due to the Cheng- Yau gradient estimate from JS], 
which implies 

T{y, 0) > ce-'^''(^'°) 

for some positive constants C,c > and y G B'^{0,A). Now by the maximum principle, 
using ()4.1|) again, we deduce 

u{y,t)<CT{y, 0) 

for all t > 1 and y G B'^{0,A). Here we just used the simple observation that r{y,0) is a 
solution of the scalar heat equation, whereas m is a subsolution as already observed. 
We have proved that 

\pt{xo,y)\<CT{y,0) 

for alH > 1, ?/ G B^{0, A) and Xq G dB[0, A). Let us now to explain how to keep the same 
estimate while moving away Xq. 

For a fixed y G B'^{0, A), define the function 

w{x,t) = \pt{x,y)\. 

Then w is a subsolution of the scalar heat equation on B'^{0, A) x (0, +oo). For x G dB{0, A), 
by the above estimate on u we have 

w{x,t) = \pt{x,y)\<CTiy,0). 

Since T{x, 0) is bounded away from for x G dB{0, A), it holds 

w{x,t) < C'T{y,0)T{x,0) 

for some C > 0. It is clear that the function 

h{x,t) = / pt_i{x, z)w{z,l)dfi{z) + CT{y,0)T{x,0) 
Jm 

is a solution of the scalar heat equation in B'^[0,A) x [l,cx3). Moreover, on the parabolic 
boundary of the region, h dominates w. By the maximum principle again 

w{x,t) < h{x,t) = / pt^i{x, z)w{z,l)d^{z) + CT{y,0)T{x,0) 
Jm 
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for X G -B'^(0, A) and t > 1. Next we estimate the above integral term in the following way, 
by using the Gaussian upper bound for pt'- 

pt-i{x,z)w{z,l)dfi{z) < J pt-i{x,z)e'^'^^y'^^^d^{z) 

f C 
...dfi{z) + / ...dfi{z) < -j^^ 

d(x,z)>d{x,y)/2 J d{y,z)>d{x,y)/2 



B{x, Vi)\' 



Finally, incorporating ()4.1|1 . 

C 



\pt{x,y)\=w{x,t) <Cmm{T{x,0)T{y,0),l} + 



\B{x,Vi)\ 

for all x,y in M and t > 2. This is the desired on-diagonal estimate. 

Now the theorem follows from the standard process of going from on to off-diagonal esti- 
mate. See |2ni e.g. □ 

5. Bounds on manifolds without doubling gondition 

In this final section we turn to noncompact manifolds not necessarily satisfying the volume 
doubling condition. This class of manifolds offers a much richer variety than the doubling 
ones. 

We show that under reasonable conditions the on-diagonal upper bound on the heat kernel 
on forms differs from that on functions only by a suitable power of time t. 

Let us consider a n-dimensional manifold M with Ricci curvature bounded from below, 
and whose small balls do not collapse, in other words Assumptions (C) and (D) are satisfied. 
Then 

(5.1) Ptix,y) < Ct-''/^exp {-cd^{x,y) /t) , VO < t < 1, x, y G M, 

for some C,c> and pY{x,y), \pt{x,y)\ satisfy similar estimates. 

Let us assume that the heat kernel on functions has a uniform rate of decay 7, where 7 is 
increasing, and one-to-one on 1R_(.: 

(5.2) suppt(x,x) < V t >0. 

According to ^H), this implies the following so-called uniform Faber-Krahn inequality: for 

any set Q C M, 

(UFK) Ai(fi) > A(|fi|), 

where A is given by 

* ' 7(«) • 

i.e. 

"^(^^ dr] 



vMv) 

Conversely, if 7 satisfies a mild condition, the converse is true. For more on this as well as 
examples where one can compute A, therefore 7, see for instance [Hj. 

We can now state our result in this setting. 
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Theorem 5.1. Suppose M satisfies Assumptions (C) and (D). Assume that V G L'P{M,fi) 
for some p G [1,+cxd), and that A — V is strongly positive. Finally assume that the heat 
kernel on functions on M satisfies the estimate ()5.2|1 . Then there exist positive constants c 
and C such that 

\pt{x,x)\ < — — , V t > 1, X G M. 
l{ct) 

Proof. We divide the proof into two parts. 
Step 1. to bound. 

Under the assumptions of the theorem we will prove that 
(5.3) ll^t^lli,! < Ct^'^. Vt > 1, if p > 1. 

Comparing with the proof of Proposition 12. 3( we no longer have the doubling condition. 
However the growth rate of ||-Pf^||i,i here is worse. On the other hand, the proof, a simple 
application of the idea of ^H], is much shorter. In case p > 2, the above estimate is essentially 
contained in see also ^Tj. We present the proof for completeness. 

Case 1. Assume V G L^{M). 
Fixing y, we write 

u{x,t) = pYix,y). 

In this case the proof is almost identical to that of Case 1, Proposition 12.31 The only 
change is that we use the small time bound ()5.H) on pY and the subexponential volume 
growth of M (due to Assumption (C)) to conclude that 

M Jm 
The rest of the proof is identical. 

Case 2. Assume V G L^{M,^) with l<p<2. 

This is almost identical to that of Case 2, Proposition 12.31 Indeed, from that case, we 
have 

I u{x,t)djj,{x) < C + C'Vi i / / u^{x, s)dij,{x)ds ] 
Jm \Ji Jm J 

Since pY is contractive in L^, this implies 

/ u{x,t)dfi{x) < CtP/^, t > 1. 
Jm 

Case 3. Assume V G LP{M,fi) with p>2. 
Let u = u{x,t) be as above. Then, as before, 

u{x,t)dfi{x) < / u{x,l)d^{x)+ / / V{x)u{x^ s)dfi{x)ds 
M Jm Ji Jm 

t 

< C + I \\V\\p ||M(-,s)||p/(p_i)ds 



<c + c\\vi 



\\Pl\\i,p/^P-i)ds. 
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Applying Riesz-Thorin interpolation with the parameters 

P2 = 1,^2 = p/{p- 1); Po = l,go = 2; pi = l,gi = 1; 6 = {2- g2)/g2, 

we have 

I _l-d 6 I _i-e 9 
P2 Po Pi ' q2 qo qi 

and 

||pV|| -IIP^II <IIP^I|1-^ IIP^II^ _ II pV||2/p|| pV||l-(2/p) 

ll-'^s l|i,p/(p-i) ll-'^s Ilp2,ij2 — ll-'^s llpo,go II s llpi,gi II « II 1,2 II -'^s lli.i 

Therefore 

/ \uix,t)\d^^ix)<c+\\v\\, f\\pn\i[! iin^iii:!^'^"^^^ 

J M J I 

Notice that 
We obtain 



M J I 

II -P]^ II 1,2 < ||-Pri|2,oo < ||-Ps^l||2,2 11^^112,00 < C. 

u{x,t)\d^^{x) <C+\\V\\p f WP^Wl^^^'^Us. 



I.e. 



M 

t 



\\pr\\i,i<c+\\v\\,j^ \\pY\\\f^ds. 

From here it is easy to see that 

||Pt^||i,i < ctp'\ 

This completes Step 1. 
Step 2. Write 

I{t) = I u'^{x,t) dfi{x). 
As in the proof of Proposition 12.21 the strong positivity of A — K yields 

(5.4) lit) < J^^\-(^''> f ' I + 2sF{t). 

Xi{{x\u{x,t) > s}) 

Here, according to F{t) = t^/^. 

Using the fact that 

\{x\u{x,t) > s}\ < s^^ / u{x,t)diJ,{x), 

Jm 

and (UFK), we deduce 

f/ \ t 1 iViuixA) — s)\'^ duix) 

Hence 

(5.5) f \Vu{x,t)\^dfx{x) >[I{t) -2sF{t)]A{s-^F{t)). 

J {x\u(x,t)>s} 

By the strong positivity of A — we have as usual 



I'{t) <-2{l- A) ! |VM(x,t)pd/i(x) 
Jm 
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thus the combination of the above inequahties yields 

(5.6) J'(t) < -2(1 - A)[I{t) - 2sF{t)]A{s-^F{t)). 
Take sF{t) = I{t)/4, i.e. 

s-i = Ar\t)F{t). 

Then (j5.6p becomes 

(5.7) /'(t) < -(1 - A)I{t)A{4F\t)I-\t)). 
Hence 

/ /(/)A(4F^(/)/-(/))^^-"^'"^^'- 
Notice that A is a decreasing and F is an increasing function. Therefore, for I > t, 

A{AF\l)r\l)) < A{AF\t)r\l)) 

Consequently 

I{l)A{^F\t)I~\l)f - "^^ " 
Take r] = 4F^{t)r^{l). One gets 

JiF\t)i~\t) vHv) 

Following the definition of 7, i.e. t = . ^7 \ , we have 



/O »?A(7?) 

4F2(t) 



/(2t) 

i.e. 

m< 



>7((1-A)t), 
4F2(t) 



7(ct) ■ 

From here the desired bound for pt follows immediately. □ 

Let us conclude by writing a semigroup version of the last part of the proof of Theorem 
15.11 in the spirit of [7j, where the case F bounded is treated. We leave the details to the 
reader. 

Proposition 5.1. Let {M,fi) a a-finite measure space, and Tt be a semigroup acting on 
LP{M,fi), for 1 < p < +00, with infinitesimal generator —A. Suppose that there exists a 
non- decreasing function F on 1R+ such that 

\\Tt\\i^i,\\Tt\\oo^oo<F{t), Vt>0, 

and that 

ei\\f\\l)<Re{Af,f),\/f EDiA), ||/||i<C, 

fro some C > 0, where 9 :]0, +cx3[^]0, +oo[ is continuous and satisfies /'''°^ < +00. 
Then Tt is ultracontractive and 

llTtlli^oo < CF\t)m{Ct), \/t > 0, 

for some C > 0, where m is the solution of 

-m'it) = e{m{t)) 
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on ]0, +oo[ such that m(0) = +00, or alternatively the inverse function of p{t) — J^°° 
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